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Abstract

The earliest investigation of competitive systems can be traced back to 1920’s, due to the work by
Italian Mathematician V. Volterra. After the mid-1980s, the research on competitive systems,
beginning with the path-outbreak contributions by S. Smale and M. W. Hirsch, have reached a
new stage, that is, the theory of dynamical systems is introduced in studying the common
properties of competitive systems. Thereafter, competitive systems have undergone extensive
investigations due to the monotone dynamical systems developed by M W. Hirsch and H. Matano.
Recently, important progress in competitive Lotka-Volterra systems has been presented by E. C.
Zeeman, M. L. Zeeman and the research group leaded by K. Sigmund, who gave a plenary lecture
on ICM 98.

The above-mentioned work focuses on autonomous systems. If one wants to model systems with
day-night and seasonal variant, he needs to study competitive systems with time periodic. One
can describe the asymptotic behavior of the solutions according to the discrete-time dynamics of
the Poincare mapping associated with the periodic systems. Many mathematicians have involved
in the investigations of discrete-time competitive systems, such as J. K. Hale, P. Hess, H.L. Smith
and P. Takac, etc.

The dynamics of Kolmogorov-type competitive mapping associated with the time-periodic
competitive Kolmogorov systems of ODEs were first studied by H. L. Smith, who Conjectured that
if each species could survive in the absence of the others at a unique fixed point (the origin is a
repeller) then the boundary 2 of the basin of repulsion of the origin should contain the global
attractor for the dynamics. (called carrying simplex) is unordered and homeomorphic to the
standard probability (n-1)-simplex by radial projection. Related to Smith Conjecture, there are
several important open problems remaining, such as the smoothness of the carrying simplex Z,
the position of the unstable manifolds of the periodic orbits, etc.

Smith Conjecture implies the essence of Smale’s construction in autonomous competitive
systems. Furthermore, it shows that the asymptotic behavior of 3-dim periodic competitive
Kolmogorov systems is the same as that of planar periodic systems, with which one can
investigate the important problems such as, the existence of infinitely many subharmonic
solutions in 3-dim periodic competitive Kolmogorov systems, the Hamiltonain structures in the
carrying simplex 2, etc.

M. W. Hirsch (1988) proved the Conjecture in the autonomous case by the approaches of
limit-set dichotomy in autonomous monotone dynamical systems. Unfortunately, the limit-set
dichotomy DOES NOT hold in the discrete-time cases. It needs new methods to solve this
Conjecture. Therefore, Smith Conjecture and its related open problems in discrete-time case have
had little progress for almost 20 years and become one of the most difficult problems in
discrete-time competitive dynamical systems. Moveover, Hirsch posed the open problem of the
smoothness of the carrying simplex even in autonomous cases.



The purpose of the first part of this thesis is devoted to prove Smith Conjecture and its related
open problems.

Firstly, for competitive discrete-time dynamical systems on a strongly ordered topological vector
space, we prove that any limit set is unordered and lies on some

invariant hypersurface with codimension one, which generalizes M.W. Hirsch's

results for competitive autonomous systems of ordinary differential equations to competitive
maps in a very general framework and implies the Sarkovskii's Theorem for planar strongly
competitive maps. We also offer some criteria for planar competitive maps having Li-York chaos.
Furthermore, this result plays an important role in solving Smith Conjecture.

Secondly, we focus on Smith Conjecture and its related problems. The steps are as follows:

(1) Under the hypotheses of dissipation and strong competition, we proved that there

is a canonically defined countable family of disjoint, invariant sets which attract all persistent
trajectories whose limit sets are not cycles.

(2) We utilized the new theory of the invariant d-hypersuface and the w-stalility of

the upper and lower limit sets to solve Smith conjecture, and prove that the unstable manifold of
any m-periodic point is contained in X.

(3) Based on the vector bundle exponential separation theory, Oseledec ergodic

theorem, Pesin theory and Persistent theory, we prove that the carrying simplex X is of
provided the system is of and restricted on any face is uniformly persistent. Thus the open
problem posed by Hirsch has been a corollary of our result.

In the second part of this thesis, we investigate the convergence in monotone discrete
dynamical systems on product Banach spaces and its applications to the (periodic)
guasimonotone reaction-diffusion systems.

As far as the author knows, almost all the results on this topic are on the one PDE equations or
the system of PDEs with irreducible quasimonotone hypothesis, from which one can induce a
strongly monotone system on some Sobolev space or fractal power space. Many mathematicians,
such as Matano, Dancer and Smith, mentioned that it is a difficult question to prove the
convergence without irreducible assumption. On the other hand, the models from ecosystems
and ecology are almost reducible. In order to solve this problem, we create a new method in
comparing the limit set with some special fixed point (equilibrium) and construct an
integer-valued function M(u,p). Using such a function, we first prove the convergence to fixed
point for subhomogeneous and monotone discrete-time dynamical system, and then the



convergence to steady state of quasimonotone reaction-diffusion systems, which are either
subhomogeneous, or weakly-subhomogeneous or with an  first integral, without the irrducibility
hypothesis. These results generalize lots of previous results by Hirsch, Dancer, Hess and Takac.

We also apply these results to Lotka-Volterra reaction-diffusion systems.



