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ABSTRACT

ABSTRACT

A graduate dissertation is a concentrated reflection of a graduate student’s research
achievements, represents the level of the student’s research work, and also serves as the

primary basis for applying for and conferring the corresponding degree.
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SEX 3.1 Ifthe integral of function f is measurable and non-negative, we define

its (extended) Lebesgue integral by

/f=sup/g, (3.4
g

where the supremum is taken over all measurable functions g such that 0 < g < f, and
where g is bounded and supported on a set of finite measure.

f&# 3.1 The communication graph is strongly connected.

3.1 Simple examples of functions on R that are integrable (or non-integrable)

are given by

[x|™¢ if x| <1,
[0 = (3.5)
0 if x> 1.

_1
1+ |x]e’
Then f, is integrable exactly when a < d, while F, is integrable exactly when a > d.

F (x) = all x € R?. (3.6)

5|3 3.1 (Fatou) Suppose { £, } is a sequence of measurable functions with f,, >
0. If lim,,_, , f,,(x) = f(x) for a.e. x, then

/fSliminf/ S (3.7

¥  We do not exclude the cases [ f = o, or liminf,_, f, = .
#i2 3.2 Suppose f is a non-negative measurable function, and { £, } a sequence
of non-negative measurable functions with f,(x) < f(x) and f,(x) — f(x) for almost

every x. Then
lim fn=/f. (3.8)

f8 3.3 Suppose f is integrable on R?. Then for every € > 0:

1. There exists a set of finite measure B (a ball, for example) such that
|f] <e. 3.9
BC
2. There is a 6 > 0 such that

/ |f] <e whenever m(E) < 6. (3.10)
E

e 3.4 Suppose {f,} is a sequence of measurable functions such that f,(x) —
f(x) a.e. x, as n tends to infinity. If | f,,(x)| < g(x), where g is integrable, then

/Ifn—f|—>0 as n — oo, (3.11)

/fn—>/f as n — co. (3.12)
7

and consequently



MUERR  Trivial. 5

Axiom of choice Suppose E is a set and E,, is a collection of non-empty subsets

of E. Then there is a function @ — x, (a “choice function”) such that
x, € E,, for all a. (3.13)

Observation 1 Suppose a partially ordered set P has the property that every

chain has an upper bound in P. Then the set P contains at least one maximal element.

A concise proof Obvious. |
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